We give an overview of recent theoretical studies of the dynamics of one-and two-dimensional spatial dissipative solitons in models based on the complex Ginzburg-Landau equations with the cubic-quintic combination of loss and gain terms, which include imaginary, real or complex spatially periodic potentials. The imaginary potential represents periodic modulation of the local loss and gain. It is shown that the effective gradient force, induced by the inhomogeneous loss distribution, gives rise to three generic propagation scenarios for one-dimensional dissipative solitons: transverse drift, persistent swing motion, and damped oscillations. When the latticeaverage loss/gain value is zero, and the real potential has spatial parity opposite to that of the imaginary component, the respective complex potential is a realization of the parity-time symmetry. Under the action of lattice potentials of the latter type, onedimensional solitons feature motion regimes in the form of the transverse drift and persistent swing. In the two-dimensional geometry, three types of axisymmetric radial lattices are considered, namely those based solely on the refractive-index modulation, or solely on the linear-loss modulation, or on a combination of both. 
The governing model
We consider the generic two-dimensional CQ CGL equation with a periodic lattice potential [26] where z is the propagation distance, and (x, y) are the transverse coordinates. In the case of a periodic axisymmetric lattice potential representing the cylindrical lattice, one has R(x, y) = R(r)
and L(x, y) = L(r), where r = x 2 + y 2 . Further, ν is the quintic self-defocusing coefficient, and the combination of the CQ nonlinear terms is N[u] = −αu + ε|u| 2 u + μ|u| 4 u, where α is the linear-loss coefficient, μ < 0 is the quintic-loss parameter and coefficient ε accounts for the cubic gain. In the case of the one-dimensional version of the two-dimensional CQ CGL (1) the third term in the left-hand side of equation (2.1) is dropped, and the one-dimensional periodic potential is taken as [8, 19] . In the following, we consider a generic case, which can be adequately represented by a set of parameters with ν = −0.2, μ = −1 and ε = 1.6. Equation (2.1) can be implemented directly as a model of spatially patterned laser cavities [7, 8] .
3. Soliton dynamics induced by periodic spatially inhomogeneous losses in media described by the complex Ginzburg-Landau model, as per [8] Following He & Mihalache [8] , we consider the one-dimensional version of equation (2.1) and the loss-modulation function of the sinusoidal form, figure 1a , the input soliton being launched at x = 0. Then, we vary the linear-loss coefficient α and amplitude d of the inhomogeneous loss in order to study the ensuing soliton dynamics. Different domains of the corresponding soliton propagation scenarios are plotted in figure 1b . We see that the linear-loss coefficient, α, increases with the growth of amplitude, d, of the inhomogeneous loss profile. For certain amplitudes of the modulated loss, solitons spread in the course of the propagation, owing to excess gain, when coefficient α is smaller than a critical value (below curve 1 in figure 1b), as shown in figure 1c . If α increases up to the region between curves 1 and 2, the transverse gradient force produced by the inhomogeneous loss induces a leftward drift of the soliton (figure 1d). From figure 1d, we see that the soliton may even move with acceleration at the initial stage of propagation, owing to the power loss suffered when the soliton passes dissipative channels of the structure. At small values of α, the velocity of the soliton's drift is large, causing it to quickly move from the input position. At large α, the soliton first exhibits an expanding swing over a long propagation distance, and then drifts far away from the input position. When the linear-loss coefficient increases to values corresponding to curve 2 of figure 1b, the solitons perform a persistent swing (figure 1e). Curve 2 in figure 1b, which corresponds to the transition between the drift and oscillatory localized states, belongs to the saddle-node instability, as the potential energy has a maximum value there. If α exceeds the values corresponding to curve 2, the solitons first drift to the right over a short spatial interval, which is limited to half a period of the periodic loss-modulation function L(x), which is followed by damped oscillations (figure 1f ). Eventually, this swinging soliton transforms into a stationary one, located to the right of the input position (x = 0), as seen in figure 1f , where the output position of the new soliton is x out ≈ 2.3. When α exceeds the critical value corresponding to curve 3 (α cr = 0.54), the soliton decays under the action of heavy losses (figure 1g).
The drift and swing of solitons arise as a consequence of the gradient force induced by the spatially inhomogeneous loss. In fact, the inhomogeneity of the loss breaks the gain-loss balance of the dissipative soliton, causing the soliton to drift to an appropriate position in order to maintain its stability. In the course of drifting, the profile of the dissipative soliton keeps changing owing to the combined effects of the gain and loss, and of the diffraction and self-focusing equilibrium position. The actual shape of the drifting localized state is asymmetric, owing to the effect of the inhomogeneous loss-modulation profile. If a stochastic term is added to the model, ratchet motion of localized modes is expected, provided that the loss-modulation profile is given an asymmetric profile along the z-axis. Then, all regions of the dynamical behaviour of the localized modes will be modified accordingly.
It is relevant to mention that the boundaries of the integration window hardly affect the results, because the computation domain is large enough in all figures.
4. Lattice solitons in media described by the complex Ginzburg-Landau model with PT-symmetric periodic potentials, as per [19] Following He & Mihalache [19] , the last term in the one-dimensional version of equation (2.1) may be taken in the form of a PT-symmetric linear OL. To present typical examples, we focus here on the periodic potentials with R(x) = A 1 cos 2 (x/T 1 ) and L (x) = −A 2 sin (x/T 2 ), where A 1 and A 2 are amplitudes of real and imaginary parts of the PT-symmetric lattice potential, respectively, π T 1 and 2π T 2 being the corresponding periods. Figure 2a shows domains in the plane of (α, T 2 ), corresponding to different scenarios of the soliton dynamics, for fixed period T 1 = 1 of the real part of the PT-symmetric potential. This relatively small value of T 1 corresponds to a tightly bound OL. Note that the real part of the PT-symmetric OL represents the spatial modulation of the refractive index, whereas the imaginary part of the PT-symmetric potential represents the spatially inhomogeneous loss, which in turn can produce a transverse gradient force. The magnitude of this force is determined by the slope of the inhomogeneous loss profile. Note that, for the chosen lattice period, T 1 = 1, the size of a single lattice cell approximately matches the soliton's width; hence, such OLs can tightly bind the spatial dissipative soliton. From figure 2a, we see that the spatial soliton exhibits four distinct dynamical scenarios, corresponding to (i) spreading out under the excess gain (region A), (ii) drift to an adjacent lattice position (B), (iii) stable straight propagation (C), and (iv) decay of the soliton (the top strip in figure 2a for α > 0.54). From figure 2a we see that, with the increase of period T 2 of the imaginary part of the PT-symmetric OL, region B, which corresponds to the drift of the soliton towards an adjacent lattice site, gradually shrinks until T 2 ≈ 1, whereas for T 2 > 1 region B disappears, because, in this situation, the gradient force of the inhomogeneous loss is too small to power the drift. We have found that, for relatively small values of T 2 in the interval 0.5 < T 2 < 1, the gradient force induced by the inhomogeneous loss can push the soliton to the other lattice site, and stationary propagation takes place in that lattice channel. This happens because the gain-loss balance, needed for the formation of a stable soliton, broke down and the soliton must seek a new appropriate channel for the stable propagation. As a typical example, we take T 2 = 0.55 and analyse the effect of the linear-loss coefficient, α, on soliton propagation by fixing the period as T 1 = 1.
If α is small, the soliton can spread out upon the propagation owing to the excess gain (region A in figure 2a ). An example of the propagation affected by the excess gain, at α = 0.2 and T 2 = 0.55, is shown in figure 2c . The excess gain amplifies both the soliton and background noise. When α increases further, the soliton can be pushed to another lattice channel and stably propagate in it (region B in figure 2a) . The transverse displacement from the original position decreases with the increase of α, as seen in figure 2d for α = 0.25. On the other hand, the soliton is tightly bound at the input lattice position, and stably propagates in this way, if α is large enough (region C in figure 2a) . Figure 2e shows an example of the stationary propagation for α, large enough, namely α = 0.5. However, when α exceeds a critical value, α > 0.54, the soliton quickly decays, as shown in figure 2f . Additional numerical simulations show that, for fixed lattice period, T 1 = 1, the soliton-drift scenario also occurs at T 2 ≤ 0.5.
Next, we analyse the soliton propagation dynamics for large values of the period of the real part of the PT-symmetric potential, T 1 > 1. In this case, the soliton can swing sideways or drift within several lattice periods, a situation which is very different from the generic propagation (for α > 0.54). For small values of α, the input soliton spreads over several lattices owing to the presence of the excess gain. When α increases further, the input soliton can run across the lattices, and can drift in the transverse direction (figure 2g). If α is large enough, the input soliton performs a persistent swing motion around its original channel, as shown in figure 2h . The swinging amplitude decreases with the increase of α. The soliton quickly decays when α > 0.54. At T 1 > 1, the lattice channel is wide. In this case, the beam spreads at the initial stage of the propagation. Then, the spreading is arrested by the lattice potential, and the beam maintains stable propagation. 
(a) The axisymmetric lattice with the refractive-index modulation
We first consider the lattice with the refractive-index modulation of the form R(r) = 3 cos 2 r. In the stationary state, the soliton can stably exist in the circular trough of the lattice (figure 3a).
To initiate the dynamics, we imprint a non-uniform phase on the input soliton, multiplying the input field by exp(iMy), where the kick strength, M, is proportional to the initial momentum imparted to the soliton in the tangential direction. The soliton kicked tangentially in this way can perform rotary motion along the circular lattice ring, provided that the kick takes values below a maximum one, M max , see figure 3c, whereas the rotary motion is unstable at M > M max . In the latter case, the soliton moves across the lattice and quickly decays (figure 3d). The value of M max is shown versus the refractive-index modulation depth, R 0 , in figure 3b. Note that, to maintain the power balance, the cubic gain must compensate the linear loss when the soliton propagates in the medium described by the model (1), but the cubic gain hardly affects M max .
(b) The axisymmetric lattice with the linear-loss modulation Next, we consider the annular lattice in which solely the linear loss is subjected to the spatial modulation, in the form of L(r) = −L 0 sin(2r). Similar to the case discussed above, this modulation profile can also support the soliton's rotary motion in the circular trough, and there also exists the largest kick strength, M max , which bounds the unstable and stable rotary motions. When the input soliton is located in the first annular trough of the lattice, see figure 3e , the dependence of M max on depth L 0 of the loss-modulation profile is shown in figure 3f , which demonstrates that the stable rotary motion of the soliton takes place for values of the loss-modulation depth from interval 0.25 ≤ L 0 ≤ 0.8. It is also seen that M max is not a monotonic function; at L 0,max = 0.68, M max attains its largest value, M max decreasing beyond this point with the increase of L 0 .
At M > M max , the soliton runs across the lattice as in the case of the refractive-index modulation, considered above. However, in the present case, the soliton escaping from the annular lattice evolves into a disordered mode, owing to the effect of the inhomogeneous loss-modulation profile (figure 3h).
(c) Radial symmetric lattices with combined modulations of the refractive index and local loss of the rotary motion of the input solitons in this setting. We have found that, for a fixed value of amplitude R 0 of the refractive-index modulation profile, the maximum tangential kick strength, M max , decreases with the increase of amplitude L 0 of the loss-modulation profile, as shown in figure 4a . In addition, we have found that, for fixed amplitude L 0 , M max increases with the increase of R 0 , as shown in figure 4b. However, in the case of stable evolution, M ≤ M max , the input soliton cannot display persistent rotary motion. In fact, it performs a circular motion only at an initial stage of the propagation, subsequently transforming into a stationary stable state. A typical example of this evolution scenario is shown in figure 4c . Obviously, this scenario is drastically different from those described above, when we considered lattices with sole refractive index or loss modulation. Finally, in figure 4d, we show a typical example of unstable evolution, leading to decay of the soliton. 
Conclusion
In this paper, we have reviewed recent results concerning the dynamics of dissipative spatial solitons in spatially modulated media described by the CQ CGL model. The following results have been highlighted. First, we have studied one-dimensional dissipative spatial solitons in the presence of sinusoidally modulated losses. It was found that the gradient force induced by the inhomogeneous loss gives rise to three generic propagation scenarios: (i) the soliton's transverse drift; (ii) persistent swing around the soliton's launching position; and (iii) damped oscillations near to or far from the input position.
Second, we have investigated the dynamics of one-dimensional dissipative spatial solitons in the PT-symmetric periodic potentials. The unique properties found in this case are that the soliton can drift transversely or swing upon the propagation, under the action of the gradient force induced by the inhomogeneous loss. The drift or swing motion can be efficiently controlled by periods and amplitudes of the PT-symmetric periodic potential.
Third, we have studied the rotary motion of two-dimensional dissipative spatial solitons in periodic cylindrical lattices of three types, which are generated by the refractive-index modulation, or linear-loss modulation, or a combination of both. Under the sole refractiveindex modulation, or sole linear-loss modulation, the soliton exhibits stable rotary motion, provided that the initial tangential kick does not exceed a particular maximum value. to serving as the accurate model of the optical beam propagation in various lasing systems-for example, in semiconductor laser cavities with the loss modulation, and/or modulation of the refractive index.
A challenging direction for further studies is to consider similar possibilities in threedimensional models describing spatio-temporal localized modes in dissipative lattice media, i.e. dissipative 'light bullets'; see, for example, [32] [33] [34] .
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